Evolution of cusped light-like Wilson loops and geometry of the loop space 
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We discuss the possible relation between certain geometrical properties of the loop space and 
energy evolution of the cusped Wilson exponentials defined on the light-cone. Analysis of the area 
differential equations for this special class of the Wilson loops calls for careful treatment of the 
ultraviolet and rapidity divergences which make those loops non-multiplicatively-renormalizable. 
We propose to consider the renormalization properties of the light-cone cusped Wilson loops from 
the point of view of the universal quantum dynamical approach introduced by Schwinger. We 
discuss the relevance of the Makeenko-Migdal loop equations supplied with the modified Schwinger 
principle to the energy evolution of some phenomenologically significant objects, such as transverse- 
momentum dependent distribution functions, collinear parton densities at large- a;, etc. 
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1. INTRODUCTION 

Complete recast of QCD in the loop space would 
enable us to use colorless gauge-invariant field func- 
tionals as the fundamental degrees of freedom in- 
stead of the colored gauge-dependent quarks and 
gluons [3, [|[ . The physical observables are supposed 
to be expressed via the vacuum averages of the Wil- 
son loops depending, in general, on multiple con- 
tours {Fj}: 



W n (T 1 ,...T n ) = 
OT^Tr *(T0 • • • i-Tk *(T n ) o) . (I.J.i 



*(Ti) = V exp 



ig f dz^A^{z) 



Here and in what follows the gauge fields belong 
to the fundamental representation of non-Abelian 
gauge group SU(N C ). Generically, dynamics of any 
reasonable function of the gauge fields is properly 
determined by the set of the Schwinger-Dyson equa- 
tions in the following form: 



IV^"" |0> 



(1.2) 



Being applied to the scalar functionals $(r) (jl.ljl 
which constitute the loop space, Eq. (|1.2p results in 
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the Makeenko-Migdal (MM) equations 0: 
6 
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Wi(T) = 



N c g 2 J> dz» S^(x-z)W 2 (T xz T zx ) , (1.3) 



where the key operations are the area 5 /8a^ v {x) and 
the path d ll (x) derivatives Q: 



$(r) = lim 



<£>(TST) - $(r) 



, (L4) 



Sa^(x) ' \Sa t „Ax)\^o \8a l _ iv (x)\ 

where the contour TST is obtained from the initial 
one, F, after an infinitesimal area deformation ST 
at some point x, while the infinitesimal pinch of the 
path r at the point x, without changing its area, 
makes it possible to introduce the single-point path 
derivative 

^(Sx^TSxn) - $(r) 
cW) = ir | — ■ (1-5) 

\Sx„\ IdXpl 

Note that, alternatively, the area derivative can be 
written in the Polyakov form 

r T-0 



5a, 



Ax{t)] Jr+O Sx^T') 



Sx^t) 



1.6) 



The latter definition had been adopted in, e.g., |4|J to 
approach the similar problems from a different point 
of view. 

The standard way of derivation of the loop equa- 
tions within the general Schwinger-Dyson framework 
is based on the Mandelstam formula 

$(r) = igTr [F^ $(r a )] (1.7) 
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and/or utilizes the Stokes theorem. This approach 
is certainly relevant to the class of smooth Wilson 
loops without cusps 1 . The MM equations in the 
form (|1.3[) are exact and nonperturbative and re- 
flect the differential geometrical structure of the loop 
space. However, the range of practical use of the 
MM equations is quite restricted because of the fol- 
lowing reasons [5j. First, most physically interesting 
Wilson loops develop ultraviolet, infrared and light- 
cone divergences; in addition to that, they possess 
specific obstructions, cusps and/or self-intersections, 
which yield yet other problems with corresponding 
divergences. It is known, however, that Eq. f| 1 . 3[) 
can not be applied straightforwardly to the lightlikc 
Wilson loops with cusps. The renormalized version 
of the MM equation which is valid for these loops 
is not available. One of the reasons is that the area 
functional derivative is not a well-defined operation 
for arbitrary contours with obstructions. 

Next, there are subtle points related to the contin- 
uous deformations of the paths in Minkowski space- 
time making the meaning of the derivatives unclear. 
In particular, in [6] it is argued that Minkowski 
space-time is as unconnected as a space can be with 
respect to a path-topology (this resembles the struc- 
ture of the set of rational numbers in the space of 
real numbers: although the rational numbers are in- 
finitely close to each other, one cannot move from 
a rational number to another one without crossing 
a real number). Several attempts to define a cor- 
rect path/loop space in order to solve this prob- 
lem have been made without success. Recently, the 
new developments in the field of twistor theory have 
shown the MM equations to be valid, but the cal- 
culations are implemented in a completely different 
background (twistor space) 7|. General solutions 
of the MM equations in the four-dimensional space- 
time are also not known. 

On the other hand, there are several approxima- 
tions and simplifications which might make life eas- 
ier. First, in the 't Hooft large-iV c limit, the fac- 
torization property allows one to get the MM Eq. 
closed: W 2 (C 1 ,C 2 ) « Wx{Cx) ■ Wi(C 2 ) 0. Sec- 
ond, restricting ourselves to only light-cone rectan- 
gular contours, we end up with an effectively two- 
dimensional case: the space-time dimension where 
there is hope to solve the MM Eqs. Further, if one 
concentrates on the light-like polygons, then the an- 
gles between light-rays arc fixed and conserved un- 
der any allowed area or path variation (that imposes 
additional constraint on the possible variations, of 
course). Hence, there are no angle- dependent contri- 
butions which may make the area differentiation ill- 
defined. Finally, the power of divergency decreases 
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under the area differentiation, making it possible to 
construct appropriate renormalization-group equa- 
tions for those loops. 

In this work, we address some of these issues, con- 
sidering a special class of the Wilson loops, namely 
the rectangular quadrilaterals with their sides be- 
ing defined on the light cone. Strong interest to the 
cusped lightlike polygonal eikonal paths is related to 
the recently observed duality between the n— gluon 
planar scattering amplitudes in the J\f — 4 super- 
Yang-Mills theory and the vacuum average of the 
Wilson loops formed, correspondingly, by n light- 
like segments connecting the space-time points Xi, 
so that their lengths Xi — Xi+i — pi are set equal 
to the external momenta of the n— gluon amplitude 
(see, e.g., Q and references therein). It has been 
shown that the infrared evolution of the former is 
(or is expected to be) dual to the ultraviolet evolu- 
tion of the latter, with the the cusp anomalous di- 
mension being the main ingredient of the evolution 
equations 9^. Therefore, the dynamical content, for 
instance, of a 2 — >■ 2 scattering process in the mo- 
mentum space maps the local geometrical proper- 
ties of the light-like quadrilateral Wilson loop de- 
fined in the coordinate space. The local properties 
of Minkowskian paths in vicinity of the obstructions 
are known to be expressed in terms of the universal 
path-independent cusp anomalous dimension. 

Further, the Wilson loops containing light-like 
segments were studied a couple of decades ago within 
a different context [l(|. It was demonstrated that 
the renormalization properties of these objects are 
more complicated than the renormalization-group 
behavior of the cusped Wilson loops off the light- 
cone. In particular, the light-cone Wilson loops are 
not multiplicatively renormalizable due to the pecu- 
liar light-cone singularities arising in addition to the 
common ultraviolet and the infrared ones. Still it is 
possible to construct a combined renormalization- 
group equation reckoning with both the ultravio- 
let and the light-cone divergences, so that its solu- 
tion does not show any pathological behavior. The 
cusp anomalous dimension which enters this equa- 
tion is known to be of remarkable universality: it 
controls, for example, the infrared asymptotic be- 
havior of phenomenologically important quantities 
such as the QCD and QED Sudakov form factors, 
the gluon Regge trajectory, the integrated (collinear) 
parton distribution functions at large-x, the anoma- 
lous dimension of the heavy quark effective theory, 
etc. [Ull]. 

On the other hand, recent study of the opera- 
tor definition of transverse-momentum dependent 
parton densities (TMDs) reveals that these quan- 
tities, taken literally, demonstrate the similar extra 
light-cone sin gula rities associated with rapidity di- 
vergences [l3lll4l] . The virtual Feynman graphs pro- 
ducing such terms are shown in Fig. 1. 

Therefore, it is instructive to undertake a detailed 
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Figure 1: The virtual one-loop Feynman graphs which 
produce extra singularities: (a) — vertex-type fermion- 
Wilson line interaction in covariant gauge; (fe) — self- 
energy graph which yields the extra divergences in the 
light-cone gauge; (c, d) are the counter-parts of (a, 6) 
from the soft factor made of the Wilson lines. 



but remarkably independent of any regularization 
of light-cone and ultraviolet divergences and of the 
way of their separation [l6| . This issue is of particu- 
lar importance to the understanding of the operator 
structure of transverse-momentum dependent par- 
ton densities and soft-collinear effective theory (see, 
e -g-; [3 E3 an d references therein). What hap- 
pens to the issue of regularization-independence in 
the next-to-leading order is not known yet and de- 
serves its own dedicated study. 

Let us fix the transverse null-plane by imposing 
the condition z± — 0; therefore, the area differen- 
tials are well-defined: 

<5o-+~ = N + 5N~ -> pi5p 2 = ^Ss , 

5a- + = -N-SN+ -> -p 2 $Pi = -St . (2.2) 

These operations are defined only at the angle points 
Xi, and one has to distinguish between "left" and 
"right" variations, as shown in Fig. 2. 



study of those properties shared by these apparently 
different quantities which originate in their light- 
cone structure and reveal themselves in the too much 
singular terms as compared to the off-light-cone ob- 
jects. 



2. DYNAMICAL LOOP EQUATIONS, AREA 
DEVELOPMENT AND ENERGY 
EVOLUTION 




Evaluation of the cusped light-cone Wilson loops 
beyond the tree approximation in different (covari- 
ant, axial, light-cone, contour, etc.) gauges and cor- 
roboration of gauge independence of the result de- 
mands careful treatment of different classes of diver- 
gences even in the one-loop order. Special attention 
must by paid to the separation of the light-cone (also 
known as rapidity) singularities and the normal ul- 
traviolet poles. We refer for more detailed discussion 
and further references to @, [H, HH • In the large- 
N c limit we have in the coordinate space 10 

mrm \ 1 1 asNc 
W(T a ) = 1 - — — — x 



( 



2tt 



a s N c (I 2 N+N- 

m ; — 

2tt V 2 -N+N 



where the energy variables in the momentum space 
s = (pi + P2) 2 ,t = (p 2 + P3) 2 match the geometrical 
area variables in the coordinate null-plane s/2 = 
— 1/2 — > N + N~. We will show in a separate pa- 
per that the result (|2.2p is not only gauge invariant, 



Figure 2: Infinitesimal area transformations for a light- 
cone rectangle in the null-plane: we consider only those 
area variations which conserve the angles between the 
sides. These variations are defined in the corners Xi. 

W(T\j) is one of the best studied examples of the 
(partially) light-like objects which are known to lack 
multiplicative renormalizability jloT ]. Another ex- 
ample is provided by the transverse-momentum de- 
pendent parton density with purely light-like semi- 
infinite gauge links [13|, |lj] : extra divergency stems 
from the one- loop vertex-type graph Fig. 1(a) in 
covariant gauges or from the self-energy graph Fig. 
1(b) in the light-cone gauge (in the large- N c limit) 



[-2N+N-H 2 + iO] e + [2N+N-fi 2 + i6\ e ) (2.1) 

finite terms I + 0(a 2 ) , 



TMD 



UV®LC 



OsNc 

2vr 



r(e) 



47T- 



5(1 -x)S {2) {k ± ) / dx 



(1-x) 



(2.3) 



In both cases, the reason of the renormalizability 
breakdown is that the light-like Wilson lines (or the 
seemingly standard quark self-energy in the light- 
cone axial gauge) are more singular than the usual 
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Green functions. Remarkable duality between these 
two cases will be discussed below. 

In order to decrease the power of singularity, one 
can follow the method proposed in [1JJ. With Eq. 
(|2.2[) in mind, let us define the area logarithmic 
derivative on the light-cone 

x x x 

(2.4) 



5 In a 5a^ 5a |- 

and apply this operator to the r.h.s. of the Eq. 



Shi a 



hxW(T n ) 



a,N r 1 



2tt e 



(2.5) 



x ( [-2N+N-[i 2 + iO] " + [2N + N~fx 2 + iO] £ ) . 

Then the finite cusp anomalous dimension results 
from: 



d S lnW(T a ) _ _ a s N c , 

r n ^ l CUSP ; I CUSP ~ 

o In a 2ir 



d\i 



-+0(a 2 ) 



(2.' 



We get the finite result (|2.6|) by making use of the 
logarithmic area derivative (|2.4p . given that the in- 
finitesimal area variations are defined as in (11.41) . 
Equation (|2.6|) describes the dynamical properties 
of the light-like Wilson loops. We relate, therefore, 
the geometry of the loop space (expressed in terms 
of the area differentials) to the dynamics of the fun- 
damental degrees of freedom — the gauge invariant, 
regularization independent light-like Wilson loops. 



3. MODIFIED SCHWINGER APPROACH 
AND THE COMBINED EVOLUTION 



Let us show that the trick (|2.6[ I2.6[) is not just a 
handy technical tool, but a direct consequence of the 
geometrical properties of the loop space, whose con- 
stituents are the non-renormalizable cusped light- 
like Wilson loops. To this end, we shall start with 
the fundamental quantum dynamical principle pro- 
posed by Schwinger [l9j]. According to the latter, 
the quantum action operator S governs variations 
of arbitrary states: 

5( a' | a" ) = U a' \SS\ a" ) . (3.1) 

h 

However, this equation, being valid for renormal- 
izable quantities, knows nothing about the non- 
renormalizable ones. 

The previous results give us a clue to further anal- 
ysis: let us study the area variations defined in (|2 . 2[) 



JL(a'\a") = U a >\JLs\a"), (3.2) 
oa h oa 

take into account the renormalization group invari- 
ance of the Schwinger equation in the weak form and 



apply the resulting operator to the cusped light-like 
contours. 

Given that the space under consideration is made 
of scalar objects owning different geometrical and 
topological properties, one concludes that the equa- 
tions of motion satisfied by those objects should pre- 
scribe the laws according to which they change their 
form. The motions in the loop space are, putting it 
formally, variations of the contours [s). Therefore, 
the problem arises how to find the correct form of 
the operator S, which is responsible for the form 
variations of the lightlike cusped loops (Wilson null- 
polygons). Within the standard approach, one uti- 
lizes (|3.ip in the form (jl.2l) and obtains the set of 
the MM Eqs. (fOl) . We will follow another strat- 
egy, trying to avoid using operations which implic- 
itly assume the smoothness of the Wilson loops un- 
der consideration. For the sake of clarity, consider 
at first a generic Wilson loop W^(r) without speci- 
fying whether it is smooth or not. Its perturbative 
expansion reads 



W(T) = W {0) + W (1) 



(3.3) 



9 2 C F 



r Jr 



dz^dz',, D^(z- z')+0(g 4 ) , 



where D^ v is free dimensionally regularized (w 
4 — 2e) gluon propagator 



D^{z-z') = -g» v A(z-z') , 



(tt^ 



2h 



-{z- z') 2 + iO] 



Here we adopt the Feynman covariant gauge and 
extract the scalar part of the propagator A(z). Im- 
portant issues related to the gauge- and regulariza- 
tion independence of subsequent calculations will be 
studied elsewhere Therefore, the l.h.s. of the 

Eq. (j3~21) . being applied to the Wilson loop ([57i|) . 
yields 



SW(T) _ 
So^ 
g 2 C F S 



2 8a 



[iv Jr Jr 



(3.5) 

dz x dz' x A(z - z') + 0(.g 4 ) . 



The area differentiation can be performed by making 
use of the Stokes theorem 



dz x 



1 



da Xp (d x O p -d p O x ) , 



O x = j dz' x A(z) 



(3.6) 



where T is considered as the boundary of the sur- 
face S. After simple manipulations and the path 
differentiation at the same point x, one obtains the 
leading order term of the Makeenko-Migdal equation 
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(O) 



o 



(3.7) 

However, we have to be careful with this result: to 
derive it, one tacitly assumed that the Stokes the- 
orem is applicable for all Wilson loops of interest. 
The latter is not the case in general, for that reason 
we denote the good (smooth enough) contours by a 
circle index Tq. It is worth noting that in the 2D 
QCD, the area differentiation is reduced to the ordi- 
nary derivative, since the gluon propagator (|3.4I) for 
lj = 2 behaves as the logarithm of z, what yields 



W(T Q ) 2D = exp 



9 2 N C 



£ = area inside T 



O . 
(3.8) 

so that 2 In = —g 2 N c . Calculating, in the similar 
manner, the next-to-leading terms, one can come to 
the full MM Eq. (fl~3|) . Nevertheless, we shall stop 
at this point and make a couple of steps backward, 
since we arc interested in the loops which appar- 
ently do not satisfy the Stokes theorem conditions. 
For that reason, we will try to learn something about 
the area variations of the Wilson loops without using 
the Stokes theorem, but taking into account instead 
an explicit form of the gluon propagator (which de- 
velops a specific singularity on the light-cone), Eq. 
p.4[) . Restricting ourselves with the area variations 
of the type (|2.2p . one obtains the area derivative of 
the Wilson rectangle 



SW(T L 



j.ip 
1 pi 



g 2 cy r(i- £ )(^ 

2 4tt 2 

drdr' 



■2V 



6a 



JO [~( x i - x j - T i v i + t J v j) 2 + ?: °] 



(3-9) 



where the sides of the rectangle are parameterized 
as zf = x% — t with the vectors Uj having the 
dimension [mass -1 ] [T(ij |. It is a remarkable feature 
of the light-like loops that the area dependence gets 
factorized from the integrals and can be evaluated 
explicitly (we remind that 2(uit>2) = 2N + N~ in the 
notations of the Eq. 



.(3.10) 



Z7T 



(-2iV+iV-) £ - 
y ' 2 



drdr' 



o [(1 



r'U" 



On the other hand, light-like Wilson lines with vf — 
produce additional (compared to the the off-light- 
cone case) singularity, which shows up as a second- 
order pole in e, while the cusps make the conformal 
invariance of the Wilson loop anomalous due to the 
presence of the skewed scalar products (viVj) =/= 
instead of the conformal ones vf . Then, performing 
the area 6/61n.cr = 5/5\n(2N + N~) and the mass 



scale (logarithmic) differentiation of Eq. (|3.10l) and 
collecting all relevant leading order terms, we come 
to the result 



dfi 



(Hirer 



In W(T) 



CUSp 3 



(3.11) 



which was anticipated in Eq. (I2.6[) and which is de- 
rived now as a direct consequence of the Schwinger 
approach. It is not surprising that this result re- 
sembles the situation in 2D QCD considered above. 
Here again the area derivative turns into the ordi- 
nary derivative for the same reason: the null-plane, 
where the light-like Wilson rectangles are defined, 
is an effectively two-dimensional space, where the 
set of the MM Eqs. becomes closed and-at least, 
in principle-solvable [!, Q More detailed technical 
discussion will be reported elsewhere (l6| . 

Note that the r.h.s. of Eq. p. lip is given by 
the cusp anomalous dimension, which is a univer- 
sal (independent of the form of a contour) quantity 
and is known perturbatively up to the O(af) or- 
der. Let us examine whether the above result is 
only the one-loop approximation, or it can be ex- 
tended to the higher orders. To this end we take into 
account the linearity of the (angle-dependent) cusp 
anomalous dimension in the large-angle asymptotic 
regime with respect to the logarithm of the cusp an- 
glex^ilni^i: 



lim r cusp ( X ,a s ) = Y^a n s C n {W)a n (W) In 



N|uf| ' 

(3.12) 

where the maximally non-Abelian numerical coeffi- 
cients are 



— > 



(3.13) 



and a n are cusp-independent factors. This regime 
corresponds exactly to the light-cone situation given 
that the angle-dependent logarithms turn into addi- 
tional poles in the regularization parameter e: \ ~* 
1 — — , see Ref. |, 03. Namely, the area variable 
~ {viVj) enters the regularized area-dependent cusp 
anomalous dimension in the light-cone limit as 

r cusp (area,e,a ;s ) = ^ a%C n (W)a n (W) , 

£ (3.14) 

and, after logarithmic area differentiation, one gets 
the finite perturbative expansion of the cusp anoma- 
lous dimension 

,. d r cusp (area, e, a s ) \ ^ „„ , . , . 

hm -f- = } a"C n {W)a n {W) , 

e^o d In area ^ 

,( 3 ' 15 ) 

supporting the validity of our result (|3.11l) in the 
higher orders given that, by definition, r cusp = 
— din W/d In \i. This means that the result p. lip 
should be understood as an all-order one, alike 
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the MM Eq. (jl.3[) : the both are exact and non- 
perturbative, while the r.h.s's of each can be evalu- 
ated order by order in perturbation theory. Explicit 
proof of this statement will be given separately. Let 
us point out that Eq. (|2 .€>[) is consistent with the 
non-Abelian exponentiation of the regularized Wil- 
son loops with cusps: 



within this picture, and the Makeenko-Migdal equa- 
tions (|1.3p can be derived from the Schwinger-Dyson 
set of equations for the renormalizable loops. In gen- 
eral, the system of the MM equations is not closed 
and cannot be straightforwardly applied to calcula- 
tion of any useful quantity. 



W(r n ;e) = exp 



5>5 C k (W)F k (W) 



U=l 



, (3.16) 



where the summation goes over all two-particle irre- 
ducible diagrams, whose contribution is given by the 
web functions F k [9j,ll8(. Therefore, Eq. (|2.6[) can be 
applied, in principle, for computing the higher-order 
perturbative corrections to the cusp anomalous di- 
mension, given that we have a closed recursion of 
the perturbative equations [l6j . 

Note that beside the rectangular lightlike Wilson 
loops in the null-plane, Eq. (|3.11[> is valid for the 
transverse-momentum densities with the longitudi- 
nal gauge links on the light-cone fej_), so that 




/' 



df i 



din (9 



In fej_) 



2T r 



(3.17) 



where the corresponding area is hidden in the rapid- 
ity cutoff 8 ~ (N+N-)- 1 Q. Another remarkable 
example is given by the LT-shape loop with one (fi- 
nite) segment lying on the light-cone [20j ]. In the 
one-loop order, one has in the large- N c limit 



W(T U ) 



1 



a s N c 
2ir 



-L 2 (NN~) + L(NN~) - 



^1 
24 



(3.18) 



L(NN~) = - (kx(jiNN- + iO) + \n{nNN~ + iO)) 2 

where the area is defined by the product of the light- 
like N~ and non-light-like N vectors in the coordi- 
nate space. The II-shaped Wilson loop (I3.19|) obeys 
Eq. (ETTTj) as well: 



djJL 



din i 



In W(T n ) 



= -2T, 



cusp J 



(3.19) 



the latter being responsible for the renormalization- 
group behavior of the collinear parton densities in 
the large- x regime and for the anomalous dimensions 
of conformal operators with large Lorentz spin (20j . 



4. DISCUSSION AND OUTLOOK 

The quantum dynamical approach formulated by 
Schwinger some half a century ago provides a full 
and consistent description of the geometrical prop- 
erties of the loop space. The Wilson loops of arbi- 
trary shape are the fundamental degrees of freedom 



Figure 3: Generic infinitesimal area variations responsi- 
ble for the conjectured quantum-dynamical loop equa- 
tions for Wilson light-like n— polygons. Upon finding, 
the corresponding area differential will be reported sep- 
arately. 

The problem we addressed in this paper is how 
to construct an appropriate system of the dynami- 
cal equations valid for the cusped light-like Wilson 
loops, the latter having stronger singularities than 
their off-light-cone relatives. General solution of this 
problem is still lacking, but we have found that there 
is a class of the loops for which some simplifications 
are possible and helpful. In particular, in the large- 
N c limit, in the case of the rectangular light-like Wil- 
son loops defined in the null-plane z± — 0, the area 
functional derivative is reduced to the normal deriva- 
tive for the dimensionally regularized (not renormal- 
ized) loops. The area evolution equations (which can 
be treated as the non-renormalizable counter-parts 
of the MM equations) in the coordinate space ap- 
pear to be equivalent to the energy evolution equa- 
tions for the cusped Wilson loops in the momentum 
space. The nonperturbative nature of the dynamical 
loop equations enables us, in principle, to construct 
a chain of equations for, e.g., the cusp anomalous 
dimension, so that one can calculate it recursively 
in any given order in a s . 

To conclude, we have taken a couple of first steps 
towards the understanding of the connection be- 
tween the differential geometrical properties of the 
loop space in terms of the area evolution and the 
dynamics encoded in the cusps — the angles between 
the light-like straight lines. Within this picture, the 
dynamics of the elements of the loop space can be 
taken into account by obstructions of the (initially) 
smooth Wilson loops, with the obstructions play- 
ing the role of the sources within Schwinger's fields- 
sources picture. We have shown that the Schwinger 



7 



quantum dynamical principle can be used as a guid- 
ing rule to study at least one special class of the 
elements of the loop space, the cusped Wilson expo- 
nentials on the light-cone. So far we have been able 
to implement the program only in one of the simplest 
cases, the rectangular contour in the transverse null- 
plane. In Fig. 3, a more complicated configuration 
is displayed: an arbitrary quadrilateral contour, the 
area evolution of which is less trivial and deserves 
a separate study. Another interesting application of 
the approach proposed in the present work can be 
found in study of the gravity Wilson loops [2l| and 



of the non-light-like Wilson polygons and the poly- 
hedra 22j . Evaluation of the minimal surface differ- 
entials for a variety of more complicated cusped Wil- 
son loops defined in non-trivial manifolds is needed 
in order to derive corresponding area/energy evo- 
lution equations based on the quantum dynamical 
principle [23j]. 
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